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Abstract 
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. Features of screening and confinement are reviewed in two-dimensional quan- 

tum electrodynamics (QED2). Our discussion is carried out using the gauge- 
invariant but path-dependent variables formalism. This alternative and useful 
approach exploits the rich structure of the electromagnetic cloud or dressing 
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m 
(N 



. around static fermions in a straightforward and simple way. 
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Ph! I. INTRODUCTION 



X 



It is well known that one of the long standing problems in physics is understanding con- 



^ I finement of quarks and gluons from first principles. The reason is that infrared divergences 
and gauge dependence make bound-state equations very difficult to approximate. In this 
paper we want to address the issue of gauge dependence within the confinement problem. 
Our purpose is to present a formalism in which everything is expressed in terms of physical 
(gauge invariant) quantities from the start. As a bonus, the usual qualitative picture of 
confinement, in terms of an electric fiux tube linking quarks emerges naturally in this 
formalism. 
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As a first step we will consider two dimensional gauge theories, which can be regarded as 
a theoretical laboratory for studying four- dimensional gauge theories. Of particular interest 
are non-perturbative issues such as confinement and spectrum of models, which can be 
settled in these theories. Of these, the Schwinger model has probably enjoyed the greatest 
popularity due to several features that it possesses. For instance, the spectrum contains a 
massive mode, the charge is screened and confinement is satisfactorily addressed. We also 
draw attention to the fact that the transition from screening to confinement of probe charges 
is possible only for nonvanishing spinor mass [^^. 

On the other hand, in recent times a description in terms of gauge-invariant but path- 
dependent field variables in Abelian gauge theories, and the intimately related question 
of gauge fixing, has been developed In particular, it was shown how the gauge fixing 

procedure corresponds, in this formalism, to a path choice. Therefore this represents a path- 
dependent but physical QED where a consistent quantization directly in the path space is 
carried out. Incidentally, it is of interest to notice that the physical electron is not the 
Lagrangian fermion, which is neither gauge-invariant nor associated with an electric field. 
Instead, the physical electron is the Lagrangian fermion together with a non-local cloud (or 
dressing) of gauge fields This remark opens up the way to a stimulating discussion of 
how the electromagnetic cloud is distributed around fermions. 

Within this framework the aim of the present paper is to reexamine some aspects about 
screening and confinement in two-dimensional quantum electrodynamics from the viewpoint 
of the gauge-invariant formalism. This offers a natural setting for such studies, because it 
involves the use of strings to carry electric flux. Moreover, we obtain computational rules 
that have clear as well as simple interpretation, in contrast to the standard Wilson loop 
procedure where subtleties related to the correct calculation must be considered P,p!0|. In 
Sec. II we present gauge-invariant expressions which will form the basis of our subsequent 
considerations. Sec. Ill constitutes the central part of our work. Specifically, we calculate 
the interaction energy between external probe sources, paying due attention to the structure 
of the fields that surround the charges. Here we will focus our attention on the transition 
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from screening to confinement. 



II. GAUGE-INVARIANT VARIABLES 



Let us start our analysis with a brief presentation of the gauge-invariant variables for- 
malism For this purpose, we introduce the vector gauge-invariant field 



where the path integral is to be evaluated along some contour C^y connecting ^ and y. Here 
is the usual electromagnetic potential and, in principle, it is taken in an arbitrary gauge. 
The point we wish to emphasize, however, is that A^ijj) is invariant with respect to gauge 
transformations 



Thus A^, while no longer gauge- dependent, now becomes path-dependent. We now choose 
the contour as the spacelike straight line = + a{y — ^Y, where a (0 < a < 1) is the 
parameter describing the contour and is an arbitrary (fixed) reference point. Without 
loss of generality, we can choose = 0. This path choice may be made more explicit by 
splitting Eq.(|l]) in the form 




(1) 



A,{y)^A,{y) + d,A{y). 



(2) 
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(3) 
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(4) 







a short calculation yields 




(5) 
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where Ei is the one-dimensional electric field. The above expressions coincide with the 
Poincare gauge conditions 0. 

We now turn our attention to the fermion field. In this formalism the charged matter 
field together with the electromagnetic cloud (dressing) which surrounds it, or what is the 
same the physical electron, is given by 

^{y) = exp (^-le J^^ dz^^A^iz)^ ^{y). (7) 

Following our path choice, expression ( 0) may be rewritten as 

^{y) = exp(^-ie dz'Ai{z)^ij{y). (8) 

It is worthwhile remarking at this point that the breaking of the gauge invariance of the 
fields in the standard formalism is transformed into breaking of the translational invariance 
in the path-dependent formalism. The way of solving this problem is letting the reference 
point go to infinity. 

Before we proceed further, we wish to show that this approach yields interesting results 
by calculating a gauge-invariant photon propagator. From the expression for the physical 
fields (H) it can be shown that the gauge-invariant propagator is given by 

T>f,^ix, y) = D^^{x, y) + — j dz'^Dauiz, ^/) + ^ / dw'^D^.pi^x, w) + 

Df_iu{x,y) on the right-hand side (RHS) of Eq.(^) is the photon propagator taken in an 
arbitrary gauge. Implementation of the Poincare gauge amounts to using the contour z^ = 
+ a{y — and z^ = ^^ + p{x — ^y. We can choose, for example, D^^{x,y) in the temporal 
gauge, that is, 

D^Ax,y) = g,igui6{x' - y') - y^\ + B{x^ - t/^) - , (10) 

where, as it is well known, the residual gauge invariance manifests itself in the presence of 
the constants A and B. This is a peculiarity of the temporal gauge, which does not fix the 
gauge uniquely. Then, from Eq.(|), we find that 
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v,,{x, y) = g.og.o^Six'^ - y") -y'\-\x'-e\- \y' - ^l) ■ (h) 

Thus one avoids the unphysical features associated with the gauge- dependent formulation. 
Nevertheless, as it should be expected, the above propagator breaks the translational invari- 
ance. The solution to this problem is letting go to infinity. However, we do not intend to 
address these problems here. A fuller account on gauge invariant Green's functions will be 
provided elsewhere |11 . 

This concludes our brief introduction to gauge invariant variables and gauge conditions. 



III. INTERACTION ENERGY IN QED2 

As already mentioned, our immediate objective is to calculate the interaction energy 
between external probe sources in the Schwinger model. To do this, we will exploit the rich 
structure of the electromagnetic cloud or dressing around static fermions. 



We shall begin by considering the bosonized form of the Schwinger model 12 



^ = -^^i + lid.^W^) - ^^'"Ff^-^V + (cos {2n^ + 9) - 1) - A,j\ (12) 

where J° is the external current, = ^wilE) with the Euler-Mascheroni constant, 
and 6 refers to the 9 vacuum. 



A. Massless case 



Our purpose is to compute the interaction energy in the m = case. The first step in 



this direction is to carry out the integration over (p in (|T^). This allows us to write the 
effective Lagrangian 

£ = -iF,.(l + ^l)F--AoJ°. (13) 

It is worthwhile sketching at this point the canonical quantization of this theory from the 
Hamiltonian analysis point of view. The canonical momenta are 11^ = — (^1 + F^'^ 
with the only nonvanishing canonical Poisson brackets being 



{A,{t,x),\l''{t,y)}^5l5{x-y). (14) 

Since Ho vanishes we have the usual primary constraint Ho = , and = ^1 + F^^ . 
Therefore the canonical Hamiltonian is 

He = J dx l^-^Hi (l + + aiAo + J° j . (15) 

Requiring the primary constraint 11° = to be preserved in time yields the following sec- 
ondary constraint 

Qi(x) = ain^- J°. (16) 

It is straightforward to check that there are no more constraints in the theory and that both 
constraints are first class. The Hamiltonian that generates translations in time is given by 

H^Hc + j dx (co(x)no(x) + ci(a;)fii(x)), (17) 

where cq{x) and ci{x) are arbitrary functions. Furthermore, since 11° = always, and 
^0 {x) = [■^o{x),H] = Cq{x) , we discard Aq{x) and no(a;) . Therefore the Hamiltonian 
reduces to 



(18) 



where c'{x) = Ci(x) — Aq{x). 

According to the usual procedure we introduce a supplementary condition on the vector 
potential such that the full set of constraints becomes second class, so we write 

^2(0:) = dax^Ai{ax) = 0, (19) 

where, as in the previous section, a is the parameter describing a spacelike straight line of 
integration. It immediately follows that the fundamental Dirac brackets read 

{A (x) ,A\y)Y ^0^{u,ix), Hi {x}}* , (20) 
{Ai{x),U\y)y = 6^^\x-y)-d'l f dax^ 6^^\ax - y) . (21) 

t/ 



It is important to realize that expression (||) represents charged particles together with an 
associated proper electric field. To see how this arises let | E) be an eigenvector of the 
electric field operator Ei{x), with eigenvalue ei{x) : 

Ei{x) \ E) = ei{x) \ E) . (22) 

Next we will consider the state '^{y) \ E). By means of Eq. ( p2D we have that 

E,{x)^{y) I E) = ^{y)E^{x) \ E) + [E,{x), ^{y)] \ E). (23) 

From our above hamiltonian analysis, Eq. (|23|) may be rewritten as 

E,{x)m{y)\E)= |^£i(x) + g(^l + ^l^ day^5^^\ay, - x{)^ ^ {y) \ E) . (24) 

Hence we see that the operator ^(y) is the dressing operator of the creation of an electron 
together with an associated proper electric field. Notice that the integral in Eq.(P^) is 
nonvanishing only on the contour of integration. As a result, we have a static electric field 
on a line. 

At this point we should mention that if we consider a modified form for the electromag- 
netic cloud in the Poincare gauge Eq.(|D, which is equivalent to the Coulomb gauge 0, that 
is, 

^>{y) = exp [-iq dz'Ai{z)^ ijiy), (25) 

where refers to the longitudinal part of Ai, we would obtain that the field \l/ dresses the 
charge i/j with the electric field : 

E,{x)^{y) I E) = i^e,{x) + |e-*l^^-^^l) ^{y) \ E) . (26) 

In order to calculate the energy between external static charges, we take a fermion 
localized at y'^ and an antifermion at yi, both dressed according to Eq.(^, and compute the 
expectation value of the QED2 Hamiltonian in the physical state | Vt) , which we will denote 
by {H)q. From our above Hamiltonian structure, we have that 



(^)c = (^l/^^i(^4"i(i + 7^j n^jl^)- (27) 

As mentioned before, the fermions are taken to be static, thus we can substitute &^ by -d\ 
in Eg. (p7|) . In that case we write 

(i/)^ = J dx, [-hi, [\ - j \^) . (28) 

As has been estabhshed by Dirac [§, the physical states correspond to the gauge invariant 
ones. In this way, the state corresponding to two opposite charges at different points can 
be made gauge invariant by including a dressing as in Eq.(|^), which keeps the entire state 
gauge invariant. In other words, 

I ^]) =1 '^{y)^{y')) = ^{y) exp [-iq j' dz^A,{z)^ i,{y) |0) , (29) 

where |0) is the physical vacuum state. 

We are now ready to calculate {H)^ . Using our formalism, we can show that 



E,{x) \n) = m{y)m{y')E,{x) |0) +q[l- dz,5{x, - z,) \n) . (30) 

Inserting this into Eq. (^), the energy in the presence of the static charges will be given by 

= {H\ + (1 - . (31) 

where {H)^ = (0|if |0) . Since the potential is given by the term of the energy which 
depends on the separation of the two fermions, from the expression (^Tj) we obtain 

y = ^^(l-e^^l^-^'l). (32) 

Thus we have demonstrated that the potential between fermions can be directly obtained 
once the structure of the photonic clouds around static fermions is known. In this case 
expression ( p2D is the expected screening contribution to the potential. Physically this means 
that the initial string was broken and all the charges are screened. In other terms, as a result 
of the interaction with massless fermions the original Coulomb potential ( proportional to 
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the distance ) is screened. This feature is similar to that expected for QCD strings in the 
adjoint representation. 

Before we conclude this subsection, it is important to notice that with the path choice 
stated in Eq.(^) (modified Poincare gauge), and from the previous canonical formalism, we 
can write a scalar potential 

Aoit,x) = [' dax'E^{t,ax) = [' dax' ( 1 - ^f" (-'^°(«^)) (33) 

where the superscript L refers to the longitudinal part and J° is the external source. Ac- 
cordingly, the potential for a pair of static pointlike opposite charges located at y and y' , 
that is, J°(t, x) = q{6{x — y) — 5{x — y')}, is given by 

V = q (Aoiy) - Aoiy')) = y ^ (l - e-^l^"^'') . (34) 

It is gratifying to notice here the simplicity and directness of this derivation, which is man- 
ifestly gauge-invariant. 



B. Massive case 

We now proceed to consider the massive case. For this purpose we have to carry out the 
integration over Lp in (|12|). But since this expression is non-polynomial in (f, we expand the 
effective Lagrangian in terms of F^"^ . Thus it follows that 

where we have taken 6 = 0. If we now look at the limit of slowly varying fields, we find that 

As in the previous subsection, our objective will be to calculate the potential energy for this 
theory. However, as we now know, this calculation is facilitated by using the expression: 

Aoit,x)=f dax^E^{t,ax). (37) 





Thus we obtain 

For J^(t,ax) = q6{a{x — aj) expression (|38D then becomes 

By means of expression (^) we evaluate the interaction energy for a pair of static pointhke 
opposite charges at y and yf, as 

V = q (Aoiy) - Aoip)) = y (l + Iv ' V'l W 

Considering the hmit m ^ e, we get 

V = ^27V^mJ:\y - yf\. (41) 

This can be recognized as the standard result for the interaction potential 0], which is also 
just the confinement contribution to the potential. This derivation tells us that one can in 
fact interpolate between screening and confinement as soon as the dynamical fermions have 
a nonvanishing mass. It is therefore of interest to reexamine the transition between these 
limits. To see how this arises in this formalism, we start with Eg. (pSf) . Using the fact that 
the fields are taken to be static, which means substituting by —df, we get 

Thus, in the present approach, the scalar potential ( |37D may be written as 

Mt, x) = [' dax'Or (-^^] - ^^rn^ C dax'^^-^^^, (43) 
Jo V ^L-^V ^0 (<92 - A2)„^a2^ 

where = — + AirmT,. For J°(t, ax) = qd{a{x — a)) Eq.(^3|) reduces to 

Expression (Q) immediately shows that the potential for two opposite charges located at y 
and y/ is given by 
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It is straightforward to check that in the hmit m = 0, expression (^) reduces to (|3^) . 

Until now we have taken the vacuum angle 9 as zero. We now want to consider the 
nonvanishing 9 contribution to the potential that would follow from this formalism. With 
this in mind, we start by writing 

Since we are deahng with static fermions, we can substitute 9^ by —dl- In that case we 
write 

But since the first term on the right-hand side (RHS) of Eq. (^) gave as a result the 
potential given in Eq. (^), we only need to consider the second, 9 dependent, term. Using 
(P7|), we may write the expression for the scalar potential in the form 

Al{t, x) = £ dax^2emJ: (^d^ - A^) 9, (48) 

where A^ = — + 47rmS. If we now look at the limit of slowly varying fields, we find that 



o2 



<{t, x) = - 1^' da^x'9 = I 1 - J I (49) 



Hence we see that the potential for two opposite charges ( for g = e ) at y and y' is given by 



»2 



It is also, up to the — ^ factor, just the Coulomb potential. From this expression we see that, 
in the limit of slowly varying fields, the inclusion of the 9 term would reduce the potential 

to 



o2 



An immediate consequence of this is that for ^ = tt the confinement term vanishes |Q. 
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